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Let E and F be Banach spaces. We generalize several known results concerning 
the nature of the compact operators K(E, F) as a subspace of the bounded linear 
operators L(E, F). The main results are: (1) If E is a c,, or I, (I < p < to) 
direct sum of a family of fmite dimensional Banach spaces, then each bounded 
linear functional on K(E) admits a unique norm preserving extension to L(E). 
(2) If F has the bounded approximation property there is an isomorphism of 
L(E, F) into K(E, F) * * such that its restriction to K(E,F) is the canonical 
injection. (3) If E is infinite dimensional and if F contains a complemented 
copy of c,, , K(E, F) is not complemented in L(E, F). 
In this note we offer some observations concerning the relationship between 
the Banach spaces L(E, P) and K(E, F). L(E, F) and K(E, F) denote respectively 
the bounded and compact linear operators from E into F where E and F are 
Banach spaces. The main tool in the first two sections is a method used in 
lemmas 1 and 2 which enables us to construct certain embeddings and projections 
in a fairly general setting. We refer the reader to sections 1 and 2 for the state- 
ments of the lemmas. These were proved by Hennefeld in [3, Proposition 1.21 
and [4, Theorem 3.11 respectively in the special case when E = F has an un- 
conditional basis. The results of section 1 generalize those of [3]. In particular, 
it follows from theorem 1 that if E is an Z, (1 < p < co) or c,,-direct sum of 
a family of finite dimensional spaces, then every continuous linear functional 
on K(E) has a unique norm preserving extension to L(E). Hennefeld proved 
this for E equal Z, or c, in [3]. 
In section 2 we use an idea similar to the proof of lemma 1 to give a generaliza- 
tion of [4, Theorem 3.11. This lemma (2) is then used to give a short proof of 
the known result (cf. [7]) that if K(E, F) is reflexive and E or F has the approxima- 
*Supported in part by an Oklahoma State University College of Arts and Sciences 
summer grant. 
304 
0022-1236/79/06030448$02.00/0 
Copyright Q 1979 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
BANACH SPACES OF COMPACT OPERATORS 305 
tion property, then L(E, F) = K(E, F). L emma 2 also applies to show that if F 
has the bounded approximation property and K(E,F) is not complemented in 
L(E, F) then K(E, F) is not isomorphic to a dual space. 
In section 3 we survey and extend the known results concerning the following 
question: For which Banach spaces E and F is K(E, F) uncomplemented in L(E, F) ? 
In particular, if K(E, F) # L(E, F), is K(E, F) uncomplemented in L(E, F) ? We 
include a table, B la Dunford and Schwartz, which surveys what is known about 
this question when E and F are the classical Banach spaces. In addition, we 
prove the following: If E is infinite dimensional, K(E, cs) is not complemented 
in L(E, co). 
SECTION 1 
LEMMA 1. Let E and F be Banach spaces and suppose F has the h-bounded 
approximationproperty. Then there is aprojection P onL(E, F)* such that (1 P 11 < h, 
the range of P is isomorphic to K(E, F)* ( isometric if A = 1) and the kernel of P 
is the annihilator of K(E, F). 
Proof. Let {Ai} be a net of finite rank operators on F converging to the 
identity in the strong operator topology 
(i.e., lir 11 A,x - x 11 = 0 for each x EF) 
with 11 A, II < h for each i. Since the unit ball of K(F)** is weak* compact, there 
is a subnet of (Ai}, which we continue to denote by (Ai}, such that limi #(Ai) 
exists for each # E K(F)*. For each T E L(E, F) and + E K(E, F)*, the functional 
#: A --, $(AT), A E K(F), belongs to K(F)*. Hence, 4(T) = limi$(A,T) exists 
for each T EL(E, F) and + E K(E, F)*. Clearly, 4 EL(E, F)* and (14 \I < h (( 4 I( 
for each 4. 
Observe that if T E K(E, F) then limi II AiT - T/I = 0 since Ai + 1 uni- 
formly on compact sets. Hence J(T) = 4(T) if T E K(E, F) and it follows 
immediately that II $11 > 114 (I. Hence (1: 4 -+ 4 is an isomorphism and, if h = 1, 
an isometry. Let R: L(E, F)* + K(E, F)* be the restriction map. We have just 
observed that R/l is the identity on K(E, F)* so AR is a projection on L(E, F)* 
with range equal to the range of A and norm not more than X. It is now easy to 
check that AR+ = 0 if and only if 4(T) = 0 for all T E K(E, F). This completes 
the proof. 
We will discuss applications of the proof of this lemma in Section 2. Let us 
only remark that it remains true if the assumption that F has the h-bounded 
approximation property is replaced by the hypothesis that there is a net {A,} in 
K(E) such that (1 Ai II < X and Au + I* pointwise on E*: Just define J(T) = 
lim, $( TA,). 
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THEOREM 1. Let E be a Banach space and (A,} a net of finite rank operators 
on E satisfying the following conditions: 
(a) 11 Ai I( < 1 for each i and -4, ---f I pointwise on E. 
(b) A: --f I* pointwise on E*. 
(c) There is a function N((Y, /3) such that 
(cl) N(or, /3) < N(a), 8’) if 0 < a! < 01’ and 0 < p < /?‘, and 
(~2) WI AS I(, ll(I - 4) y 11) = \I & + (I - Aj)y 11 for all X, y E E and 
j > i. 
Then II C II B II P+ II + 8 W - PM II f or all $ in L(E), where P is the projection 
de$ned in lemma 1 with E = F. 
Proof. First, in order to define the projection P of lemma 1 we must pass to 
a subnet Ai of (Ai}. Since this involves an order-preserving index map 
y -+ i(y), condition (c) is still true for subnets as are (a) and (b). Hence, we may 
proceed without loss of generality to assume lim, +(AiT) exists for each T E L(E) 
and $ EL(E)*. 
Now, observe that limi /I A,TA, - TA, (1 = 0 for T E K(E), since 
lim, 11 AiTS - TS /I = 0 uniformly for I/ S 11 < 1, SE L(E). Next, I/ TA, - T )I 
= II,4:T* - T* 1) --f 0 for T E K(E) by (b) and the fact that {A:> is bounded. 
It follows that lim, 11 A,TAi - T 11 = 0 if T E K(E). Thus, given E > 0 and 
4 E L(E)*, there is an index iO and T E K(E) such that I/ T I[ < 1 and P&A,TA,) 
> /I P+ (I - E if i >, i, . Next choose S E L(E) with (1 S 11 = 1 and ((I - P)+)(S) 
> IIV - PM II - E* For each i, put Si = (I - AJ S(I - Ai,). S, - S is 
compact, so ((I - P)&(SJ = ((I - P)+)(S) > ]](I - P)+ II - E. Now we claim 
limi P&Q = 0. For, lim, PC+(&) = P+(S) + limi PqG(& - S) = limiq%(A,S) + 
lim, $(S, - S) = lim, &A$ + Si - S) = lim, $(A,SAi, - SAiO) = 0 since 
1) AiSAio - SA,O 1) -+ 0. Hence we may choose j 3 i, so that I P#Sj)l < l . 
NOW, for II T II d 1, II Ai,,TA,g + tsjx II = N(ll -Ai,TAz,x II, II sdh)II> (by (~2)) < 
N(ll TAiox II, 2 II S(l - Ai&411@y (~1) and (4) < VII 4,~ IL IIV - 4,)xlI) 
(by (cl) since II S It < 1 and II T II < 1) = II Aiox + (I- A,Jx II (by (~2)) = /I x Il. 
Thus, 11 AioTAio + &Sf II < 1. NOW~(A~~TA<~ + @j) = P4(AiaTAio) + iW(Sj) 
+ *((I- P(#)S 2 (II p+ II - 4 - 42 + 4 IV - PM II - 4 = II w II + 
+ \\(I - P)$ (1 - 26. Hence, (( C$ (/ > (( P$ (( + 4 \\(I - P)+ Il. This completes the 
proof. 
COROLLARY 1. If E is a Banach space satisfying the conditions of Theorem 1, 
then each functional in K(E)* has a unique norm preserving extension to an element 
of L(E)*. 
Proof. Suppose # E K(E)* and4 E L(E)* withII+Il = II~IIand4lW)=~. 
Then P$ = $. Since 1) $11 = /I $I II, we conclude from Theorem 1 that 
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4 li(I- P)# I] < 0. Hence 4 = P$ = $ and $ is the unique norm preserving 
extension. 
Examples of Banach spaces satisfying Theorem 1 are c,,- and ID-direct sums 
of arbitrary families of finite dimensional spaces, 1 < p < co. This generalizes 
[3, Theorem 2.31. 
Let us remark that a version of Theorem 1 is true for K(E, F) in L(E, F) under 
suitable assumptions on E and F. The only examples we can find to which it 
applies other than those already mentioned are those for whichL(E, F) = K(E, F). 
Thus, we have not bothered to state this more general version. 
SECTION 2 
We state below three questions concerning K(E, F) and L(E, F) which have 
arisen in the literature. None of them is completely settled. 
(1) For which spaces E and F is K(E, F) complemented in L(E, F) ? In 
particular, is it ever complemented in a non-trivial way ? (We will discuss this 
question in section 3.) 
(2) For which spaces E and F is K(E,F) (resp. L(E, F)) reflexive? (cf. 
[l, 2, 7, and 81 and the bibliography of [8].) 
(3) For which spaces E and F is K(E, F) isometric (or isomorphic) to a 
dual space ? In particular, is K(E) ever a dual space ? (cf. [18, 5 and 61). 
The technique of the proof of lemma 1 gives lemma 2 below which has a 
connection with these questions; it is a generalization of Theorem 3.1 in [4]. 
LEMMA 2. If E and F are Banach spaces and F has the h-bounded approximation 
property, then there is an isomorphism (isometry ifh = 1) ofL(E, F) into K(E, F)** 
whose restriction to K(E, F) is the canonical embedding. 
Proof. Let {Ai} be a net of finite rank operators on F converging pointwise 
to I with 11 Ai 11 < h. As in the proof of lemma 1, assume without loss of generality 
that lim, #(Ai) exists for each # E K(F)*. Then for 4 E K(E, F)* and T EL(E, F) 
define @r(d) = lim, #A,T). It follows as in the proof of lemma 1 that T + @= 
is an isomorphism of L(E, F) into K(E, F)** with 11 T 11 < ]I QT II < h II T ]I and 
$.(+) = 4(T) if T E K(E, F). This completes the proof. 
Several papers have appeared dealing with question (2). The early ones used 
deep results from Grothendieck’s theory of topological tensor products to prove 
the following. 
THEOREM 2 (cf. [7] and [S]). Let E and F be Banach spaces, one of which has 
the approximation property. The following are equivalent: 
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(1) I+!?, F) is rej?exiwe. 
(2) L(E, F) is rejexive. 
(3) E and F are reflexive and K(E, F) = L(E, F). 
In [7] Holub gave a proof of this result which used standard facts about basic 
sequences and tensor products, but avoided the deep results previously used. 
The implications (1) 3 (2) * (3) derive quickly from our lemma 2 as follows: 
Suppose F has the approximation property. If K(E, F) is reflexive then F is 
reflexive and hence has the bounded (in fact, metric) approximation property. 
Thus, lemma 2 applies and yields (2) and (3). If E has the approximation 
property and K(E, F) is reflexive, then E is reflexive and so E* has the bounded 
approximation property. Now apply the previous argument to L(F*, E*) and 
K(F*, E*) which are canonically identifiable with L(E, F) and K(E, F) respec- 
tively. We should add that Kalton [8, Corollary 21 and independently Kheinrich 
[I, Theorem l] have proved (3) 3 (2) without assuming the presence of the 
approximation property. It is apparently still open whether (2) 3 (3) is true 
without this assumption. 
Next, we point out a connection between questions (3) and (1) which, although 
perhaps realized before, has not been mentioned in the literature as far as we 
know. 
PROPOSITION 1. If F has the bounded approximation property and K(E, F) is 
not complemented in L(E, F) then K(E, F) is not isomorphic to a dual space. In fact 
it is not isomorphic to a complemented subspace of a dual space. 
Proof. If a space is complemented in a dual space, it is easy to see that it is 
complemented in its own second dual. Hence if K(E, F) is complemented in a 
dual space then by lemma 2, there is a projection of L(E, F) on K(E,F). 
Remark. Part of proposition 3.1 of [4] can be derived from lemma 2 as 
well. For example, one can show that if the embedding of lemma 2 is onto, F is 
reflexive. To see this, simply observe that the map M: K(E, F)** -+ L(E, F**) 
defined by M@(x)(y*) = dj(+), where $(S) = y*(Sx) for SE K(E, F), is onto 
and its composition with the embedding of lemma 2 is the canonical map from 
L(E, F) to L(E, F**) obtained by restriction of the second adjoint. 
Let us also point out that one can see from proposition 1 that theorem 2.3 
of [5] is a consequence of theorem 6 of [8]. 
SECTION 3 
First we give a survey of what is known concerning the complementation of 
K(E, F) in L(E, F). We will assume all spaces are infinite dimensional unless other- 
wise indicated. C(S) denotes the continuous functions on a compact Hausdorff 
space S and LP denotes LP on EO, l] with Lebesgue measure, 1 < p < CO. 
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Let us begin with the easy observation stated in the following lemma (cf. [9]). 
The proof is omitted. 
LEMMA 3 [9]. If E, , F, and K(E, F) are complemented in E, F and L(E, F) 
respectively, then K(E, , F,) is complemented in L(E, , F,,). 
This lemma enables one to extend basic results to larger classes of spaces. 
THEOREM 3 [8, 12, 131. If E OY F has an unconditional basis and K(E, F) # 
L(E, F), then K(E, F) is uncomplemented in L(E, F). 
The case where F has an unconditional basis was proved in [13]. One can 
see an outline of part of the argument by following the proof of theorem 4. 
The other case was proved for F a dual space in [12] and in full generality in [8]. 
The argument in [8] is used to prove theorem 3. 
In the appendix to [ 1 I], Rosenthal characterized the pairs of classical Banach 
spaces E, F for which K(E, F) = L(E, F). This fundamental result and theorem 3 
supply the vast majority of entries in the table at the end of this section: For 
example, every entry I‘=” can be found in [l l] (cf. also [lo]) and every entry 
“ x ” can be obtained from [ll], theorem 3 and lemma 3, with the exception of 
“C(X) to co .” We emphasize that many of the facts asserted in the table have 
been proved piecemeal elsewhere (e.g., see [9, 10, 12, 14, and 15]), but the use of 
[l 1, 13, and 81 is the most efficient and comprehensive way of obtaining the 
aforementioned entries. 
Theorem 4 is actually a corollary of a deep theorem due independently to 
Josefson [16] and Nissenzweig [ 171 which says that in the dual of any (infinite 
dimensional) Banach space E, there is a sequence {x:} converging weak* to 
zero for which jj x,” I] = 1 for every n. (In fact this is equivalent to theorem 4 as 
we will observe in the remark following the next proof.) Using this, we can 
construct from any Banach space E into c,, a noncompact operator. This, together 
with theorem 3 (the part proved in [13]) and lemma 3 proves theorem 4 below. 
For completeness (and because it is not hard) we will briefly outline the whole 
proof. The case for E separable was done’ in [15]. 
THEOREM 4. If F contains a complemented subspace isomorphic to c,, and E is 
any Banach space, K(E, F) is not complemented in L(E, F). 
Proof. By lemma 3, we may take F = c,, . Choose via [16, 171 a sequence 
{XX} in E* converging weak* to 0 so that I] x,* 11 = 1 for each n. Given x E E 
and h E 1, , define @h(x) = {X,X$(X)}. It is easy to verify that Q, is an isomorphism 
of 1, into L(E, ca) which sends c0 into K(E, ca). Let {x~} be a bounded sequence 
in E with x~(x~) = 1 for each n. Given T E L(E, co) define h = AT by setting A, 
equal to the nth coordinate of TX, . It is easy to check that T + @A, is a projec- 
tion of L(E, c,,) onto the range of @. Once it is shown that this projection sends 
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TABLE I 
Range F -+ 4 LS 
domain E c,, I, (1 < * < m) L’ (1 < q < to) C(S) 
- 
CO xx[9] = = X 
Lo X X [9] = if q < 2 ( 9 X (1) 
X ifq>2 
1, x x = ifp >q =ifp>2 =ifp >qv2 X 
(1 <P < ml x ifP<q Xifpg2 X ifp<qv2 
L” x x =ifq<ph2 Y X X ifp > 1 
(1 < p < m) Xifq>pA2 (l)ifp = 1 
w-7 X X [9] = if X = ifX = ifX (1) (2) 
dispersed (*) dispersed (*) dispersed (*) 
or if * < 2 ( ?) otherwise x otherwise 
x otherwise 
x : x(E, F) is not complemented in -Ep(E, F). 
= : X(E, F) equals 5?(& F). 
(1): If C(S) contains 2, or a complemented copy of cs , “( 1)” may be replaced by “ x “. 
It seems to be unknown if this is so for every S. 
( ?) It was shown in [l l] that .T(E, F) # P(E, F) but it seems to be unknown if Z(E, F) 
is complemented. 
(*): X is dispersed if C(X)* is isomorphic to Ii(X). 
(2): “(1) (2)” may be replaced by “9’ if C(X) contains 1, or a complemented copy of c,, 
and by “=” if X is dispersed. See (1) also. 
compact operators into @(~a), we are done; for any projection of L(E, co) onto 
K(E, cO) will then induce one of Z, onto c, . Observe that when T is compact 
we have lim, s~p,,,,,~r \(Tx)~ ) = 0. Since {x,} is bounded, it follows that 
lim, I(Tx,,), 1 = 0. This completes the proof. 
Remark. Observe that theorem 4 is equivalent to the Josefson-Nissenzweig 
Theorem [16, 171. To see this, let T: E + c,, be non-compact. Then 
s~p,,~,~~r \(Tx)~ \ does not converge to zero. But s~p,,,,,~r \(Tx)~ 1 equals (( T*e, 11, 
where {e,,} is the standard basis in Zr . Since e, -+ 0 weak*, there is a sub- 
sequence of {T*e,> converging weak * to zero but whose norms are bounded 
away from zero. 
Question (1) of section 2 has some special cases that are open and seem 
tractable. Some of these are suggested by Table I. 
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